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Preface 



This book begins with a sketch, in Chapters 1 and 2, of the study of alge- 
braic equations in ancient times (before the year 1600). After introducing 
symmetric polynomials in Chapter 3, we consider algebraic extensions of fi- 
nite degree contained in the field C of complex numbers (to remain within 
a familiar framework) and develop the Galois theory for these fields in 
Chapters 4 to 8. The fundamental theorem of Galois theory, that is, the 
Galois correspondence between groups and field extensions, is contained in 
Chapter 8. In order to give a rounded aspect to this basic introduction of 
Galois theory, we also provide 

• a digression on constructions with ruler and compass (Chapter 5), 

• beautiful applications (Chapters 9 and 10), and 

• a criterion for solvability of equations by radicals (Chapters 11 and 

12 ). 

Many of the results presented here generalize easily to arbitrary fields (at 
least in characteristic 0), or they can be adapted to extensions of infinite 
degree. 

I could not write a book on Galois theory without some mention of the 
exceptional life of Evariste Galois (Chapter 13). The bibliography provides 
details on where to obtain further information about his life, as well as 
information on the moving story of Niels Abel. 

After these chapters, we introduce finite fields (Chapter 14) and separable 
extensions (Chapter 15). Chapter 16 presents two topics of current research: 
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firstly, the inverse Galois problem, which asks whether all finite groups 
occur as Galois groups of finite extensions of Q and which we treat explicitly 
in one very simple case, and secondly, a method for computing Galois 
groups that can be programmed on a computer. 

Most of the chapters contain exercises and problems. Some of the state- 
ments are for practice, or are taken from past examinations; others suggest 
interesting results beyond the scope of the text. Some solutions are given 
completely, others are sketchy, and certain solutions that would involve 
mathematics beyond the scope of the text are omitted completely. 

Finally, this book contains a brief sketch of the history of Galois theory. 
I would like to thank the municipal library in Rennes for having allowed 
me to reproduce some fragments of its numerous treasures. 

The entire book was written with its student readers in mind, and with 
constant, careful consideration of the question of what these students will 
remember of it several years from now. 

I owe tremendous thanks to Annette Houdebine-Paugam, who helped 
me many times, and to Bernard Le Stum and Masson, who read the later 
versions of the text and suggested many corrections and alterations. 

Jean-Pierre Escofier 
May 1997 
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1 

Historical Aspects of the Resolution of 
Algebraic Equations 



In this chapter, we briefly recall the many different aspects of the study 
of algebraic equations, and give a few of the main features of each aspect. 
One must always remember that notions and techniques which we take 
for granted often cost mathematicians of past centuries great efforts; to 
feel this, one must try to imagine oneself possessing only the knowledge 
and methods which they had at their disposal. The bibliography contains 
references to some very important ancient texts as well as some recent texts 
on the history of these subjects (see, in particular, the books by J.-P. Tignol 
and H. Edwards and the articles by C. Houzel). 



1.1 Approximating the Roots of an Equation 



Around the year 1600 B.C., the Babylonians are known to have been able 
to give extremely precise approximate values for square roots. For instance, 
they computed a value approximating V2 with an error of just 10 -6 . In 
sexagesimal notation, this number is written 1.24.51.10, which means 



24 51 10 

1+ 60 + 60^ + 60^ -1 ’ 41421296 -' 



Later (around the year 200 A.D.), Heron of Alexandria sketched the well- 
known method of approximating square roots by using the sequence 
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1. Historical Aspects of the Resolution of Algebraic Equations 



It is not possible to give here the full history of approximations as devel- 
oped by Chinese (who computed cube roots as far back as 50 B.C.) and Arab 
mathematicians. Note, however, that the linearization method developed 
by Isaac Newton using the sequence 

_ /(«n) 

f/(un) 

was already known to the Arab mathematician Sharaf ad Din at Tusi, born 
in 1201. 

In 1225, Leonard of Pisa gave the approximate value 1.22.7.42.33.40 (in 
base 60) for the positive root of the equation x 3 + 2x 2 + lOx = 20. It is an 
excellent approximation, with an error on the order of just 10” 10 ; we do 
not know how he obtained it. 



1.2 Construction of Solutions by Intersections of 
Curves 

The Greeks were able to geometrically construct every positive solution of 
a quadratic equation, using intersections of lines and circles, but they did 
not formulate this problem in an algebraic manner. We will return to their 
procedures in Chapter 5. To solve cubic equations, they used conics, as did 
Omar Khayyam around 1100 (see §2.2.2); perhaps this method was already 
understood by Archimedes (287—212 B.C.). 

In his book Geometry , one of three treatises attached to his grand work 
Discours de la Methode , Rene Descartes related solutions of algebraic equa- 
tions to intersections of algebraic curves. This theme is one of the sources 
of algebraic geometry. 



1.3 Relations with Trigonometry 

The division of the circle into a certain number of equal parts, or cyclotomy 
(coming from a Greek word), was the object of a great deal of study. By 
studying the construction of the regular nine-sided polygon, which leads to 
a cubic equation, mathematicians of the Arab world revealed the relation, 
subsequently described also by Frangois Viete (1540—1603), between the 
trisection of an angle and the solution of a cubic equation (see Exercise 
2.5). Viete also gave formulas expressing sin nO and cos n# as functions of 
sin# and cos#. Laurent Wantzel showed in 1837 that the problem posed 
by the Greeks, of trisecting an arbitrary angle using only a ruler and a 
compass, was impossible (see §5.6). 

Probably inspired by work of Alexandre Vandermonde dating back to 
1770, Carl Friedrich Gauss showed how to given an algebraic solution for 
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the division of the circle into p equal parts whenever p is a Fermat prime 
(p = 17,257,65537); his results are presented in the seventh part of his 
Disquisitiones arithmeticae published in 1801, which prepared the way for 
Abel and Galois. 



1.4 Problems of Notation and Terminology 



Before the 17th century, mathematicians usually did not use any particular 
notation; it is easy to conceive of the difficulty of developing algebraic meth- 
ods under these conditions! Modern notation was more or less developed 
by Descartes, who used it in his book Geometry. 

Let us give an idea of the notation used by Viete. In his Zetetiques (1591, 
from the Greek (p telv, meaning “search”), the expression 

FH + FB _ 

D + F ~ E 



is written 



F in H' 
+F in B > 
D + F J 



aequabitur E. 



Viete’s notation for powers of the unknown is very heavy: he writes “ A 
quadratum” for A 2 , “ A cubus” for A 3 , “A quadrato-quadratum” for A 4 , 
etc., and “A potestas,” “A gradum” for A m ,A n . To indicate the dimen- 
sion of the parameter F, he writes “F planum” for F of dimension 2, “F 
solidum” for F of dimension 3, etc. 

For example, for the general equation of the second degree in A, Viete, 
who always assumes homogeneity of dimension between the variables and 
the parameters B, D, Z, writes: 



B in A quadratum plus D piano in A aequari Z solido, 
i.e. BA 2 + DA = Z. 

This condition of homogeneity was definitively abandoned only around 
the time of Descartes (see §5.7). The great contribution of Viete was the 
creation of a system of computation with letters used to represent known or 
unknown quantities ( logistice speciosa , as opposed to logistice numerosa). 
This idea produced a deep transformation in the methods and conception 
of algebra; instead of working only on numerical examples, one could con- 
sider the general case. The economy of thought produced by this approach, 
and the new understanding it gave rise to, made further progress possible. 
Certainly, letters had been used before Viete, but not in actual computa- 
tions; one letter would be used for a certain quantity, another for its square, 
and so forth. 
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1. Historical Aspects of the Resolution of Algebraic Equations 



Viete was known in his time as a counselor of Henri III, and that he was 
a counselor in the Parliament of Bretagne in Rennes from 1573 to 1580. 

Let us give some of the main turning points in the history of algebraic 
notation. 

Decimals were introduced by A1 Uqlidisi, the Euclidean (around 950), 
as well as by A1 Kashi (1427), Viete (1579), Simon Stevin (1585). The use 
of a point to separate the integer and fractional parts of a number was 
made popular by John Neper (in France, a comma is used instead of a 
point). But even long after the introduction of the point, people continued 
to write a number as an integer followed by its fractional part in the form 
r r 224176 

of a fraction: 11———— — . 

1000000 

The signs + and — were already in use around 1480 (+ was apparently 
a deformation of the symbol &), but by the beginning of the 17th cen- 
tury, they were used generally. Multiplication was written as M by Michael 
Stifel (1545), and as in by Viete (1591); our current notation dates back to 
William Oughtred (1637) for the symbol x, and to Wilhelm Leibniz (1698) 
for the dot. 

For powers of the unknown, 1, 225 -b 148 x 2 was written as 1, 225 p 148 2 
by Nicolas Chuquet (1484), 3x 2 was written as 3^ by Raffaele Bombelli 
(1572), whereas Stevin wrote 3(3)+ 5@— 4© for 3x 3 + 5x 2 — Ax. The ex- 
ponential notation x 2 ,x 3 , etc., came with Descartes, whose formulas are 
actually written in a notation very close to our own. In the 18th century, 
one sees bb for 6 2 , but 6 3 , 6 4 , etc. 

Only after methods of explicit computation and exponential notation had 
been perfected did it become possible to think clearly about computing 
with polynomials. Descartes showed that a polynomial vanished at the 
value a if and only if it was divisible by X — a. The history of the manner 
of referring to the unknown is extremely complicated, and we will not 
describe it here. The symbol = used by Michel Recorde (1557) came to 
replace the symbol used by Descartes, an a written backward, toward the 
end of the 17th century, thanks to Leibniz. Albert Girard (1595—1632) 
introduced the notation ^T, which he substituted for ®; he also introduced 
the abbreviations for sine and tangent, and used the symbols <, > like 
Harriot. Indices were introduced by Gabriel Cramer (1750) to write his 
famous formulas (the use of primes ', ", followed by tv , v etc. became 
widespread around the same time); indices of indices were introduced by 
Galois. The symbol was introduced by Leonhard Euler (1707—1783). 
These notations passed into general usage only during the 20th century. 



1.5 The Problem of Localization of the Roots 

This problem concerns polynomials with real coefficients. The results of 
Descartes based on the number of sign changes in the sequence of coeffi- 
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cients (see Exercise 3.7) were perfected in the 19th century by Jean-Baptiste 
Fourier and Francois Budan, and then by Charles Sturm, who in 1830 gave 
an algorithm to determine the number of real roots in a given interval. 

1.6 The Problem of the Existence of Roots 

A1 Khwarizmi appears to have been the first, around the year 830, to have 
pointed out the existence of quadratic equations having two strictly positive 
roots (see, however, §2.1.1). Negative roots were taken into consideration 
only around the end of the 16th century (see §2.1.4). 

Girard was the first to assert that an equation of degree (or denomi- 
nation , as he said) n has n roots (Figure 1.1). He did not give any proof 
and his ideas about the exact nature of the solutions seem rather vague; 
he thought of them as complex numbers or other similar numbers. This 
vagueness did not prevent him from innovating the use of computations 
with roots as though they were numbers (see §3.4). Every mathematician 
will appreciate his wonderful formulation 

“pour la certitude de la reigle generale” 

(for the certitude of the general rule). 

XL Tbcoreme. 

Touteslcs equations d’algebrc recoivent autant dc folutions, quela 
denomination dcla plus haute quantity lc demonftre, except^ lesincom- 
plettes 



Explication. 

Soit une equation complcttc 1(4) efgalc 4(f)H-7© — 34 © 
— 24 : alorsle denominatcur dcla plus haute quandte eft ©, quiii- 
gnific qu’il y a quatre ccrtainesfolutions , &non plus ny moins > com- 
me 1 ,2, 3 ,4 

Bone il fc faut relouvenir* d’obferver tousjours ccla : on pourroit dire & 
quoy fert ces folutions qui font impoffibles, j'e refpond pour trois chofes, 
pour la certitude de la reigle generale, &qu J il nyapoint d*autre folu- 
tions , & pour fon utilitd 



FIGURE 1.1. Excerpt from Girard’s Invention nouvelle en Valgebre..., 1629 

Descartes was less precise about the number of roots, simply bounding 
it by the degree of the equation: “Autant que la quantite inconnue a de 
dimensions, autant peut-il y avoir de diverses ratines.” ( “As many as the di- 
mensions of the unknown quantity, as many there may be different roots.” ) 
The nature of the roots also escaped Leibniz, who did not see that \J \f—l 
is a complex number (1702). But the methods of integration of rational 
functions, which were developed by Leibniz and Jean Bernoulli around this 
time, led Leonhard Euler to the problem of showing that an algebraic equa- 
tion P(x) = 0, where P is a polynomial of degree n with real coefficients, 
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has n real or complex roots (1749: Researches on the imaginary roots of 
equations ) . 

This theorem is usually known as the “fundamental theorem of algebra” . 
In France, it is known as d’Alembert’s theorem, because Jean d’Alembert 
proposed an interesting but incomplete proof of it in 1746. In his course at 
the Ecole Normale in the year III of the French Revolution, Pierre Simon 
de Laplace gave an elegant proof, admitting only the existence of roots 
somewhere. Gauss gave an entirely satisfying proof of the theorem at least 
four times (in 1797—1799, twice in 1816, and in 1849), as did Jean Argand 
(1814) and Louis Augustin Cauchy (1820). The fundamental theorem of 
algebra can also be obtained as an immediate corollary of the theorem 
known as Liouville’s theorem (actually due to Cauchy, 1844), which states 
that “every holomorphic function bounded on C is constant” . 

1.7 The Problem of Algebraic Solutions of 
Equations 

This problem is the central subject of this book. Algebraically solving an 
algebraic equation (or solving it by radicals) means expressing its solutions 
by means of n-th roots, i.e. reducing its solution to the solution of equations 
of the form x n = a. 

Around 1700 B.C., the Babylonians were already in possession of a general 
method for solving quadratic equations whose coefficients were given num- 
bers. Solutions to cubic equations came only with Scipio del Ferro (1515), 
and quartic equations were solved by Lodovico Ferrari (1540). 

Ehrenfried Tschirnhaus (1683), followed by Michel Rolle (1699), Etienne 
Bezout, and Leonhard Euler (1762) attempted to go further, but Euler still 
believed that all algebraic equations were solvable by radicals “. . . one will 
grant me that expressions for the roots do not contain any other operations 
than extraction of roots, apart from the four vulgar operations, and one 
could hardly support the position that transcendental operations meddle 
in the situation” (§77 of the 1749 article cited above). 

Around 1770, Joseph Louis Lagrange and Alexandre Vandermonde (as 
well as Edward Waring) independently discovered the role played by sym- 
metry properties in the solution of equations. We will detail their discoveries 
in Chapter 10. As for the contribution of Gauss, we mentioned it in §1.3 
above. 

These ideas were exploited by Paolo Ruffini (1802—1813) to prove the 
impossibility of solving the general equation of the fifth degree by radicals, 
and then by Niels Abel (1823—1826) to prove the impossibility of solving 
the general equation of degree >5 by radicals (see Chapter 12). However, 
the analysis of their texts would occupy too much of this book; we refer the 
reader to the books and articles cited in the introduction to this chapter. 
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Finally, in 1830, Galois, who knew nothing of Abel’s results, created the 
notions of a group (limited to permutation groups), a normal subgroup, 
and a solvable group, which allowed him - at least theoretically - to re- 
late the solvability of an equation by radicals to the properties of a group 
associated to the equation, opening new horizons that are far from having 
been completely explored even today. 



Toward Chapter 2 

Before giving a complete exposition of Galois theory in Chapter 4, we 
devote the following chapter to the history of the solution of algebraic 
equations through the year 1640. 




2 

History of the Resolution of 
Quadratic, Cubic, and Quartic 
Equations Before 1640 



In this chapter, we give only a brief sketch of the rich history of low- 
degree equations; in particular, we have omitted the Indian and Chinese 
contributions. Readers interested in the subject can find excellent sources in 
the bibliography (see, in particular, the books by Tignol, Van der Waerden, 
and Yushkevich). 



2.1 Second-Degree Equations 

2.1.1 The Babylonians 

The earliest form of writing was invented by the Sumerians in Mesopotamia 
around 3300 B.C., although some people believe that Egyptian writing was 
invented earlier. Archaeologists have excavated texts that were written on 
humid clay tablets later dried in the sun. The earliest known texts are very 
short and mostly concern accounting: sacks of grain, domestic animals, 
slaves. They use a numeral system in base 60, which is at the origin of 
our division - still in use after 5000 years! - of the hour into minutes and 
seconds and the circle into degrees. 

After various historical events, this extraordinary civilization gave way, 
during the period 1900 to 1600 B.C., to an empire whose capital was Baby- 
lon, on the Euphrates, just south of Baghdad today. Quantities of interest- 
ing information are preserved in the tablets of this period; in particular, 
they reveal that Babylonians possessed a well-developed algebra and mas- 
tered the solution of second-degree equations. 
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EXAMPLE. - “I added 7 times the side of my square and 11 times the 
surface: 6.15” (tablet n° 13901 from the British Museum). 

This problem discusses the quadratic equation llx 2 + lx — 6.15; the 
notation 6.15 in base 60 is ambiguous because the Babylonians gave no 
indication of the scale: 6.15 could be 6 x (60) 2 + 15 x 60 or 6 x 60 -f 15, or 
6/60 + 15/60 2 , or even 6/3600 + 15, etc. (A kind of zero, serving to denote 
the intermediate positions, was introduced by the Babylonians only around 
300 B.C. Before that, they sometimes left a space, but more usually it was 
just necessary to guess. Here, 6.15 = 6 + 15/60 = 6 + 1/4.) 

To follow the solution described in the tablet, set a — 11, b = 7, and c = 
—6^. The two left-hand columns of Table 2.1 are translated directly from 
the tablet. The table also shows the numbers written in base 10 and the 
corresponding literal computation. Note that in order to facilitate division, 
the Babylonians had established tables of inverses. But 1/11 was not in the 
tables, as it does not have a finite expansion in base 60. 





Base 60 


Base 10 


Computation of 


You will multiply 11 by 6.15 


1.8.45 


68 + 2 


—ac 


You will multiply 3.30 by 
3.30 


12.15 




b 2 
4 


You will add it to 1.8.45 


1.21 


81 


b 2 

ac 

4 


It is the square of 


9 


9 


lb 2 

Vt -ac 


You will subtract 3.30 


5.30 




b lb 2 

~2 + V 7 - ac 


The inverse of 1 1 cannot be 
computed 








What, multiplied by 11, 
gives 5.30? 


30 


1 

2 


b /6 2 

-2+Vj-” 


a 


The side of the square is 30. 





TABLE 2.1. Method for solving a quadratic equation 












2.1 Second-Degree Equations 11 



OTHER Examples. - Here are the equations corresponding to other prob- 
lems from the same tablet. The numbers in parentheses are the values to 
be given to the Babylonian numbers: 

i 2 + x = 45 (I) 

x 2 =x + 14.30 (870) 

x 2 - 20x 2 + x = 4.46.40 (§ and 286 + §) . 

COMMENTARY. - In these problems, the solutions are always positive num- 
bers having simple finite expansions in base 60: the discriminant is the 
square of a simple number, and the division by a works. Apart from these 
restrictions, we see that the Babylonians mastered the algorithm for the 
algebraic solution of quadratic equations. Even the case of second-degree 
equations having two distinct positive roots seems to be considered in prob- 
lems in which the length and width of a rectangle appear, which makes it 
possible to distinguish numbers that cannot be distinguished algebraically 
by using an order relation. However, they only wrote on their tablets 
straightforward recipes to be followed; we have no idea how they actu- 
ally thought of them. The deductive method in mathematics was invented 
later, by the Greeks. 

2.1.2 The Greeks 

The irrationality of y/2 was proved around 430 B.C., probably by a geo- 
metric argument. (The discovery is attributed to Hippasos of Metapont, 
who supposedly was unable to endure the intellectual consequences of his 
discovery and drowned himself in the Aegean Sea. At the very least, this 
anecdote bears witness to the deep trouble provoked by the discovery.) 

In Euclid’s Elements (dating from about 300 B.C.), the methods are ge- 
ometric; algebraic computations cannot be developed, because a product 
of two lengths is considered to be a surface. Later, in the 3rd century A.D., 
Diophantus discovered an algebraic approach. 

There is one important difference between the documentation at our 
disposal on Babylonian and on Greek mathematics: the tablets preserve 
the original state of Babylonian mathematics, whereas the work of the 
Greeks is known to us only through manuscripts written a good thousand 
years after the authors made their discoveries, which reworked the originals 
in all kinds of ways. Some works are known only from their translations 
into Arabic. 

2.1.3 The Arabs 

It is more correct to speak of mathematicians coming from the various 
provinces of the Arab world, from Spain to the Middle East, than it is to 
speak directly of “Arab mathematicians” . In the 8th century, these mathe- 




12 



2. Resolution of Quadratic, Cubic, and Quartic Equations 



maticians began to procure Greek texts from Constantinople; they also re- 
ceived Indian books of computations that explained the use of zero. Around 
820 to 830, al Khwarizmi (from Uzbekistan; he later became known through 
Latin translations of his works, called Algorismus, origin of the word algo- 
rithm), a member of the scientific community around the caliph al Mamoun, 
described algebraic transformations in his treatise on algebra, which can 
be expressed as the following equations in our notation: 

6x 2 — 6x 4- 4 = 4x 2 — 2x 4 8 

6x 2 4 4 + 2x = 4x 2 4- 8 4- 6x by al jabr 

3x 2 4 2 4 x = 2x 2 + 4 4 3x by al hatt 

x 2 = 2x 4 2 by al muqqabala. 

The word al jabr, which expressed completion or setting of a fracture, is at 
the origin of the appearance of the word “algebra” in the 14th century. 

al Khwarizmi distinguishes six types of equations of degree less than or 
equal to 2, because the coefficients a, 6, and c of his equations are always 
positive: 

ax 2 = bx , ax 2 = b, ax = 6, 

ax 2 + bx = c, ax 2 4 c = 6x, ax 2 = bx 4 c. 

For the equation x 2 = 40x — 4x 2 , or x 2 = 8x, he gives only the root 8. 
However, for the equation x 2 4- 21 = lOx, he gives the two solutions 3 and 
7 and asserts that the procedure is the same for all equations of the fifth 
type. Geometric justifications are given, but unlike the Greeks, the spirit 
of the method is algebraic. 



2.1.4 Use of Negative Numbers 

Negative numbers became widely used only around the end of the 16th cen- 
tury. However, they actually appeared 1,000 years earlier in Indian math- 
ematics and even earlier than that in Chinese mathematics. 

In 1629, following ideas developed by Stevin in 1585, Girard did not 
scruple to give examples of equations with negative roots: “The negative 
in geometry indicates a regression, and the positive an advancement” (nor 
was he bothered by complex non-real roots). 

However, one must not believe that negative roots were accepted by 
everyone: in 1768, Bezout still wrote that equations have negative roots 
only when they are “vicious”, and Lazare Carnot, the famous “organizer 
of the victory” of the Republican armies, wrote in his treatise on geometry 
in the year XI of the Revolution: “To obtain an isolated negative quantity, 
one must remove an effective quantity from zero, but removing something 
from nothing is an impossible operation.” 
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2.2 Cubic Equations 

2.2.1 The Greeks 

On the rare occasions in which they encountered cubic equations, the 
Greeks solved them by means of intersections of conics: ellipses, parabolas, 
and hyperbolas. The oldest such solution goes back to Menechme (375—325 
B.C.), who, to obtain an x such that x 3 = a 2 &, considered the intersection of 
x 2 = ay and xy = ab (others expressed the same problem as the search for 
numbers x and y such that ajx — x/y = y/b). The most famous solution, 
which led to numerous further developments, goes back to Archimedes. He 
sought to cut a sphere of radius R by a plane in such a way that the ratio 
of the volumes of the two pieces had a given value k : we easily see that the 
height h of one of the parts satisfies h 3 -f (4fc/(fc + 1 ))R 3 = 3 Rh 2 . 

But the Greeks did not solve the problem of the duplication of the cube 
with ruler and compass (equation x 3 = 2a 3 ), nor the trisection of the angle; 
we will discuss these questions in Chapter 5. 



2.2.2 Omar Khayyam and Sharaf ad Din at Tusi 

Omar Khayyam was a mathematician and an astronomer, but he was also 
a poet, the author of many famous verses. He lived in central Asia and in 
Iran (1048-1131). In his treatise on algebra (from around 1074), he studied 
cubic equations in detail. He only considered equations with strictly positive 
coefficients, and distinguished 25 different cases, some of which had already 
been studied by al Khwarizmi. For example, the equations with three terms 
not having zero as a root are of one of the following six forms (Omar 
Khayyam expresses them in words, without notation, with homogeneity 
conditions similar to those of §1.4): 

x 3 = ax 2 -1-6, x 3 -f b = ax 2 , x 3 + ax 2 = 6, 
x 3 = ax -I- 6, x 3 -t- b = ax, x 3 -f ax = b. 

For x 3 + ax = 6, he set a = c 2 ,6 = c 2 h and obtained the solution as the 
intersection of the parabola y = x 2 jc and the circle y 2 = x(h — x). 

For x 3 + 6 = ax, he again set a = c 2 , b = c 2 h and obtained the solution as 
the intersection of the parabola y = x 2 /c and the hyperbola y 2 = x(x — h). 

One hundred years later, in a treatise that has just been reedited (see 
the bibliography), Sharaf ad Din at Tusi classified equations, not according 
to the sign of the coefficients like Khayyam, but according to the existence 
of strictly positive roots. He solved the homogeneity problems in a manner 
that appears to foreshadow Descartes (see §5.7): every number x can be 
identified with a length or with a rectangular surface of sides 1 and x, or 
even with the volume of a parallelepiped with sides 1, 1 and x. Finally, 
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he inaugurated the study of polynomials via analysis, introducing their 
derivative, seeking for their maxima, etc. 

The solutions given by Omar Khayyam are geometric, obtained by taking 
intersections of conics. As for algebraic solutions, he writes that “they are 
impossible for us and even for those who are experts in this science. Perhaps 
one of those who will come after us will find them.” Similar remarks were 
made by Luca Pacioli in 1494 but times were changing, because. . . 

2.2.3 Scipio del Ferro , Tartaglia, Cardan 

. . . the work of Italian mathematicians since Leonard of Pisa finally reached 
a conclusion in 1515. Scipio del Ferro, a professor in Bologna who died in 
1526, discovered the algebraic solutions of the equations 

x 3 +px = q, (2.1) 

x 3 = px + q, (2.2) 

x 3 4- q = px, (2.3) 

probably with p, q > 0, i.e. of type (2.1) only. The rest of the story is a 
novel in episodes which is impossible to reconstruct completely, as many 
of the details are known only because they were recounted by one of the 
protagonists, in a manner that may lack objectivity. 

In the year 1535, Fiore, a Venitian student of Scipio del Ferro, publicly 
challenged Niccola Tartaglia (roughly 1500-1559) to solve about 30 prob- 
lems, all based on equations of type (2.1). At that time, winning a challenge 
of this kind led to prestige and money, sometimes even allowing the winner 
to obtain a position as a professor. Tartaglia’s childhood was very dramatic: 
a fatherless child, very poor, he was seriously wounded during the looting 
of Brescia by troops led by Gaston de Foix in 1512. He had already at- 
tempted to solve equations of this type some years earlier, and this time he 
succeeded, during the night of February 12 to 13, 1535 (just in time to win 
the challenge). But he kept his solution secret. He wrote it in a poem, in 
which he used the word “thing” , like his contemporaries, for the unknown. 

Quando che’l cubo con le cose appresso 
Se agguaglia a qualche numero discreto..., 

(When the cube with the things is equal to a number....) 

In 1539, Jerome Cardan, a doctor and mathematician, and a very com- 
plex personality whose tumultuous life also makes a highly interesting story, 
invited Tartaglia to his house in Milan to find out his secret. He flattered 
him so well that he succeeded - Tartaglia showed him his poem - but swore 
not to reveal it (March 25, 1539). Shortly after, Cardan succeeded in ex- 
tending Tartaglia’s method to equations of types (2.2) and (2.3) (unless 
it was actually Tartaglia who succeeded), and one of his disciples, Ferrari 
(1522-1560), solved the quartic equation in 1540. 
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In 1545, Cardan published all of these solutions in his book Ars Magna 
(which literally means: Grand Work), taking care to thank Tartaglia three 
times. But Tartaglia was furious, denounced him for lying, and the follow- 
ing year published a text containing Cardan’s promise, their conversations 
together, and his own research. Ferrari defended his professor, saying that 
he had been present at the meeting in 1539 and that there was never any 
question of a secret. He then took up a new challenge proposed by Tartaglia 
on August 10, 1548, which he appears to have won. And the story contin- 
ued. 

Cardan’s Ars Magna is a very important book. In it, he gave the complete 
solution of the cubic equation, finally (see, however, §2.2.5), as well as the 
first computations using roots of negative numbers. 



2.2.4 Algebraic Solution of the Cubic Equation 

In 1545, Cardan explained on the basis of numerous numerical examples, 
which he considered as clearly illustrating the general case, how to find 
a root of the cubic equation. The problem of finding the three roots was 
solved by Euler, in a Latin article from 1732. 

Let us explain Cardan’s method, using today’s notation and without 
distinguishing the different cases due to signs of the coefficients, as Cardan 
did. We know that by translation, we can always reduce to the case of an 
equation of the form x 3 4- px -f- q = 0. 

Set x = u 4- v (for Cardan, this is either u + v or u — v according to the 
signs of p and q ) , and require the numbers u and v to satisfy the condition 
3 uv = —p. The equation can be written as 

(u + v) 3 + p{u + v)+q = 0; or as u 3 4- v 3 -F (u + v)(3uv+p) +q = 0, 

so setting 3 uv = — p, this gives 

u 3 + v 3 = -q, u 3 v 3 = - — . 

27 

Setting U = u 3 and V = v 3 , this then gives 

u + v = - g , uv = -^r’ 

so that U and V are solutions of the quadratic equation X 2 + qX —p 3 /27 = 
0. The discriminant of this quadratic equation is given by 




If d is a number whose square is equal to this discriminant, then setting 
U = —(q/ 2) -h d and V = — (q/2) — d gives a solution. 
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Cardan concludes his procedure by giving the unique solution x = \/\J + 
y/V, i-e. 




This formula requires the extraction of two cube roots (really just one since 
v = —p/Su). 

For us, this formula contains an ambiguity: each of the cube roots can 
be chosen in three different ways, and their sum could have nine different 
values. Let us now redo the method, considering the cube roots as Euler 
did. 

If u satisfies u 3 = U , then the condition 3 uv = —p implies that v = 
—p/3u, giving the solution 

x = u + v 

of the equation. The other cube roots of U are ju and j 2 u , corresponding 
to —p/3ju = j 2 v and —p/3j 2 u = jv respectively; here j is a cube root of 
unity, i.e. j = exp(27r/3). This gives the other solutions of the equation 

ju + j 2 v, j 2 u + jv. 

If we reverse the choices of U and V, a cube root of —q/2 — d is one of the 
three numbers above v, jv , j 2 v , and fortunately, we find the same three 
roots. 

2.2.5 First Computations with Complex Numbers 

The spark occurs near the end of the Ars Magna, in 1545 (Figure 2.1). The 
idea was undoubtedly suggested to Cardan by the problems he studied in 
dealing with cube roots as above. 

um eft minus^deo imaginaberls 52 m: i f > id eft differentiae ad,& 
quadrupli a B,quam adde & mimic ex a c,& habebis quxficum,fcili* 
cet f p:i* v:2f m: 40, & f m :i*r v: 2 f m: 40, feu f p: 1* m; 1 * , & f 
m:i£ m: 1 f >duc f p:is m: 1 f in f m: 12 m: if, dimifsis incrudationi* 
bus,fit if m:m: 1 f ,quod eft p: 1 f ,igitur hoc produeftum eft 4o,natu 
ra tame a D,non eft eadem cu natura 4©,nec a b, quia fupcrfitics eft 
remota a natura numeri,& linea^proximius ^p:reni: if 
tame huic quantitati 5 qug uerc eft fophiftica, ^ m:Rz; m * : , ^ 
quoniam per earn > non ut in puro m: nee in 

alrjs , operationes exerccre licet , nec ucnari -i — 

quid fiteft,ut addas quadratum mcdictans numcri numcro produ* 
cendo,& a fs aggregati minuas ac addas dimidium diuidendi. 

FIGURE 2.1. Excerpt from the book Ars Magna by Cardan, 1545 

This excerpt refers to the search for two numbers whose sum is 10 and 
whose product is 40, leading to the equation x 2 — lOx + 40 = 0. Cardan 
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recognized that no two numbers could satisfy this equation, but proposed 
a sophisticated solution in which he imagined the number y/— 15; he then 
checked the validity of this number by computing 

(5 + v /Z 15) (5 - v/=15) = 25 - (-15) = 40, 
writing this operation as 

5p : R m : 15, 

5m: R m : 15, 

25 m : m 15 qd. est 40, 

where p denotes 4-, m denotes — , and R denotes the square root. One 
passage provoked a great deal of commentary: dimissis incruciationibus , 
which means setting aside the products in crosses , or, according to certain 
translators who think Cardan is making a word play, setting aside the 
mental torture. 

In the case of the cubic equation, complex numbers enter in the case when 
q 2 /4 + p 3 / 27 < 0, known as the irreducible case, in which the three roots 
are real (see §3.6) and d is purely imaginary. Cardan did not understand 
this case well; he simply showed how to obtain all three roots if one of them 
is known (see Exercise 2.4). 

2. 2. 6 Raffaele Bombelli 

Born in 1530, Bombelli published a treatise on algebra in 1572 which im- 
proved understanding of computations with complex numbers by showing 
how Cardan’s formulas can be applied in the irreducible case. He gave nu- 
merous examples; one of the simplest is that of the equation which we 
write as x 3 — 15a: — 4 = 0, which has an obvious solution 4, knowing 
which Cardan’s formulas produce the quantities y2 ± y/—121. Now, this 
is the irreducible case since d 2 = q 2 / 4 + p 3 /27 = 4 — 125 = —121 and 
u 3 = U = -q/2 4- d = 2 + y/^121. 

Bombelli explained this difficulty by showing that y! 2 4- y/—121 can ac- 
tually be written in the form a 4- ib ; identifying the real parts of (a 4- ib) 3 
and 2 + Hi, he found a 3 — Sab 2 = 2. The equality of the modules then gave 
(a 2 4-6 2 ) 3 = (2 2 4-ll 2 ) = 125, so a 2 -f b 2 = 5. He then substituted b 2 = 5 — a 2 
into the previous equation, obtaining a 3 — 3a(5 — a 2 ) = 4a 3 — 15a = 2 (this 
is the original equation with x = 2a). Bombelli noticed that a = 2 is a root, 
and deduced that 6=1, giving u = 2-\-i,v — 2 — i, and u 4 - v = 4 (with no- 
tation as in §2.2.5 above). Abraham de Moivre (1667-1754) later observed 
that this procedure requires having already solved the equation to sim- 
plify the expression of the roots. Nonetheless, Bombelli’s work is extremely 
important: it opened the way to computations with complex numbers. 

Bombelli’s notation is Rc l_2pdim 11 J: the cube root of the quantity 
between the signs L and J, which is the abbreviation of of “2 pi di meno 
11”, where “pi di meno n” means +in. Bombelli gave rules such that: 
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2. Resolution of Quadratic, Cubic, and Quartic Equations 



pi di meno via pi di meno fa meno, 
pi di meno via meno di meno fa pi, etc. 

corresponding to (+i)(+i) = — 1, (+i)(— i) — 1, etc. 

2.2.7 Frangois Viete 

In a text published after his death, in 1615, Viete gave solutions of equations 
of degree 3 and 4. For the cubic equation 

A 3 + 3 BA = 2 Z, 

which we write here with our notation, but using his original letters, with 
A as the unknown, he introduced a new unknown E such that EB = 
E(A + E), which comes down to solving the equation x 3 +px + q = 0 with 
the variable change x = (p/3y) — y , giving 

A 3 + 3 AE(A + E) = 2 Z, ( A + E) 3 = 2Z + E 3 , B 3 = 2 ZE 3 + E 6 , 

a quadratic equation in E 3 . This makes it possible to compute E , then A , 
by means of a single extraction of a cube root; the method is essentially 
Cardan’s. 



2.3 Quartic Equations 

Cardan gave a method for these equations in Chapter XXXIX of the Ars 
Magna ; he says that it was discovered by his student Lodovico Ferrari. It 
consists in using a translation to bring the equation to the form 

x 4 -F px 2 + qx -f r = 0 

(Cardan, who rejected negative numbers, only gives a few cases of this). 
Set z — x 2 + y, obtaining 

z 2 = x 4 + 2 x 2 y + y 2 = —px 2 -qx — r-\- 2 x 2 y + y 2 = (2 y — p)x 2 — qx + y 2 — r. 

Choose y so that the right-hand term is of the form (Ax -f B) 2 , by ensuring 
that its discriminant vanishes, i.e. 

q 2 - 4 {y 2 - r)(2y - p) = 0. (*) 

This gives a cubic equation (which later came to be called a resolvent); one 
of its roots can be found by the method of §2.2.4, giving 

(x 2 + t) 2 = (Ax + B) 2 , x 2 = — t ± (Ax + B), 

and four values for x. 
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In the case where the right-hand term is not of degree 2, it is because 
y — p/2, and then (*) shows that q = 0; the equation is biquadratic, which 
we know how to solve. 

In his 1615 text, Frangois Viete gave a clear exposition of Ferrari’s 
method. 

Cardan detested introducing equations of degree higher than 3, because 
equations of degrees 1, 2, and 3 concerned segments, areas, and volumes 
and he asserted that “nature does not allow us to consider others” . 

Here is another method, using indeterminate coefficients, which dates 
back at least to Descartes (1637). If a, 6, c, d are such that 

x 4 4- px 2 -f qx + r = (x 2 4- ax 4- b){x 2 4- cx 4- d), 

we check (see Exercise 2.7) that a 2 is the root of a cubic equation and that 
6, c, d depend rationally on a. 



Exercises for Chapter 2 

Exercise 2.1. Irrationality of roots of rational numbers 

Let k > 1 be an integer, and let a and b be positive relatively prime 
integers with no factors of the form d k for integers d > 1. Show that 
•{/¥ is not a rational number. 



Exercise 2.2. Cubic equations and Cardan’s formulas 

1) Solve the equations x 3 + 3x = 10, x 3 4- 21x = 9x 2 4- 5, x 3 = lx 4- 7 by 
Cardan’s method or Viete’s method. 

2) Simplify the following expressions, where the roots are taken in R, 
and compare them with Cardan’s formulas. 

a = ^lO + vTos+Vio-v'ios, g = 4 !yf+4i4 



Exercise 2.3. Simplification of radicals in Cardan’s formulas 

If a cubic equation has an integral root, it often happens that Car- 
dan’s formula gives an expression with cube roots whose simplifica- 
tion is not at all obvious. Tartaglia already noticed this problem in 
1540, and we showed earlier how Bombelli worked on one example 
(see §2.6). Let us consider what happens in the case of equations 
with rational coefficients. 




